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Abstract 
In marine applications, composite structures in contact with water are subjected to impacts by projectiles large and small.  While 
the presence of water is known to affect the dynamics of immersed structures, its effects on the impact dynamics is unclear.  This 
study shows that the contact force history is not affected if the mass of the projectile is large.  The opposite is true if the mass of 
the projectile is small compared to that of the target 
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1. Introduction 
Foreign object impacts are more likely to induce damage in composite structures than in metallic structures and 
that damage can result in significantly reduced mechanical properties [1].  The dynamic behavior of plates in contact 
with water has been studied by many authors since Lamb [2] and the presence of a heavy fluid leads to lower natural 
frequencies.  This article will consider impacts on composite plates in contact with water and examine how the 
presence of water affects the contact force history and the dynamic response of the plate after impact. 
 
A model for the dynamic response of a structure to low velocity impacts should account for the dynamics of the 
structure, the dynamics of the projectile, and the local indentation in the contact zone.  When the mass of the 
projectile is small compared to that of the plate, only a small region surrounding the contact zone participates in the 
response during the impact.  This is called a wave-controlled impact.  When the mass of the projectile is large 
compared to that of the plate, the entire plate participates in the response and this case is called a boundary 
controlled impact [1].  The effect of local indentation depends on the ratio between the indentation and the overall 
bending deflections.  If this ratio is small, indentation effects can be neglected otherwise they have a significant 
effect on the contact force history.  These factors were studied in [3].  In marine applications, structures made of 
isotropic and composite materials in contact with water are subjected to various types of impacts including those 
induced by logs or debris generated by tsunamis (Haehnel and Daly [4], Naito et al [5]) or by ice floes.  Added-mass 
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effects on rigid bodies are reviewed in [6].  Here we examine the dynamic impact response of composite plates in 
contact with water.   
2. Vibration of structures in contact with water 
The vibration of structures in contact with a fluid is analyzed by modeling the structure as a beam or a plate and 
the fluid is usually modeled as an inviscid and irrotational fluid for which the velocity potential satisfies Laplace’s 
equation.  Kinematic and dynamic boundary conditions are applied at the fluid-structure interface and it is usually 
assumed that the modes shapes for the “wet modes” are the same as those for the “dry modes”.  In addition to the 
strain energy and the kinetic energy of the plate, kinetic energy is also stored in the fluid.  This section examines 
general trends for beams and plates interacting with fluids. 
2.1. Immersed cantilever beams 
Structures oscillating in a fluid induce motion in the surrounding fluid while at large distances, the fluid remains 
undisturbed.  Experimental results for cantilever beams in vacuum, in air, and in water [7] show that the natural 
frequencies in a fluid are directly proportional to those in vacuum (Fig. 1.a). For this particular beam E=214 GPa,  
=7800 kg/m3, L=300 mm, b=19 mm and h=1.6 mm. The presence of air has a very small effect on the natural 
frequencies while for beams submerged in water the frequencies are strongly lowered.  These results illustrate the 
“added-mass” effect by which the interaction of the beam and the fluid is equivalent to a virtual fluid mass moving 
with the beam (Fig. 1.b). The natural frequencies in a vacuum and in a fluid are in the ratio 
( ) 2/1aF m/m1/ +=    (1) 
where m is the mass of the beam per unit length and ma is the corresponding added mass of the fluid.  Fig. 1.a shows 
the virtual added mass for a rectangular beam fully immersed in a fluid from which we find the mass ratio 
 
( )h4/bm/m Fa =    (2) 
which is the result first obtained by Chu in 1963 cited in many publications including [8].  For the beam in water, 
Eq. 1 predicts a frequency ratio F/ of 0.6749 which is very close to the slope of the line obtained by fitting the 
experimental results (Fig. 1.a).   
 
In the first example, the cross-section is rectangular and the mid-plane, the xy-plane in Fig. 1.b, is parallel to the 
free surface of the water.  Han and Xu [9] considered the vibration of cylindrical cantilever beams clamped at the 
bottom (Fig. 2) and calculated the first three natural frequencies for eight values of the radius to depth ratio (a/h= 
0.003, 0.005, 0.010, 0.020, 0.025, 0.030, 0.040, 0.050).  The 24 natural frequencies (3 modes x 8 depth ratios) of the 
beams in water are proportional to those of the beams in vacuum with a slope of 0.8823.  The analysis assumed a 
density of water of 1000 kg/m3 and for the cylinder a density of the 2450 kg/m3 and an elastic modulus of 2.94x107 
kPa.  The depth of water h=20 m. 
 
4   Serge Abrate /  Procedia Engineering  88 ( 2014 )  2 – 9 
 
Fig. 1. Cantilever beam. (a)  natural frequencies of beam immersed in fluids versus those beam in vacuum.; (b)  rectangular beam of width b and 
height h vibrating in the xz-plane and added mass of the fluid. 
2.2. Plates immersed water 
The first five natural frequencies for rectangular plates immersed in water with SFSF, SSSF, SCSF, SSSS, SCSS, 
and SCSC boundary conditions are given in [10] for several depth below the free surface.  The plate is made out of 
steel with E= 207 GPa, = 7850 kg/m3, = 0.3 and its dimensions h=0.10 m, a= 2 m, b= 1 m (Fig. 2.a).  The 
density of water is 1000 kg/m3.  When the plate is laying on the surface of the fluid (h1/a=0), the natural frequencies 
of the plate in contact with the fluid are directly proportional to those of the plate in vacuum (Fig. 2.b) with a 
proportionality constant of 0.9269. This general trend is valid for 30 data points corresponding to 5 natural 
frequencies times six sets of boundary conditions.  For an immersed plate with h1/a=2, the same proportionality 
between the natural frequencies is observed with a proportionality constant of 0.8670.  
 
 
 
 
 
Fig. 2. (a) plate immersed in fluid; (b) Natural frequencies for plates in water versus plates in vacuum.
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Fig. 3. (a) plate immersed in fluid; (b) Natural frequencies for plates in water versus plates in vacuum. 
The natural frequencies of plates immersed in water are related to those of the same plates in vacuum by Eq. 1 
with ma/m being replaced by , the added virtual mass incremental factor.  The values of  calculated for plates 
deeply immersed below the surface (h1/a=2) are found to be twice those of plates laying on the surface of the fluid 
(h1/a=0).  The deeply immersed plates are far from the free surface and interact with the fluid on both the top and 
bottom surfaces so it is to be expected that the added mass effect is twice that of a plate in contact with fluids on 
only one side. 
2.3. Plates in partial contact with water 
Another type of fluid-structure interaction problem is that of a vertical plate on the side of a tank.  Six values of  the 
ratio between the vertical side of the plate and the height of the fluid are considered: 0. 0.2, 0.4, 0.6, 0.8, and 1.  =0 
for a plate in air and  =1 pour a plate fully in contact with water.  The first six non-dimensional frequencies of 
isotropic rectangular plates with SSSS, CCCC, SCSF, CCCF, SCSC boundary conditions are given by Zhou and 
Cheung [11].  In this example, the ratio between the density of water and the density of the plate is 0.125, the ratio 
between the thickness and the height of the plate is 0.05, and Poisson’s ratio is 0.3.  For an aspect ratio a/b= 0.5, the 
natural frequencies of the plate in contact with water are plotted versus those of the plate in vacuum (Fig. 3.b).  The 
30 data points (5 boundary conditions x 6 frequencies) show a general trend. 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. Plate as flexible tank wall: comparison of natural frequencies for plates is water and in vacuum for several boundary conditions. 
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3. Impact of plates in contact with water 
The following examines the dynamics of plates to show that for long pulses, the response is dominated by that of 
the first mode and that the response is qualitatively different for long rather than short pulses.  A complete model is 
developed for plates in contact with water subjected to foreign object impacts and the case of impact by a large mass 
is examined in details. 
3.1. Dynamics of composite plates 
Models for  the dynamics of low velocity impacts should account for the dynamics of the plate, the dynamics of 
the projectile, and the local indentation of the plate by the projectile [3].  According to the classical plate theory, the 
motion of an orthotropic plate is governed by 
( ) ( )t,y,xpwmwDwD2D2wD tt,yyyy,22xxyy,6612xxxx,11 =++++   (3) 
where the Dij terms are the bending rigidities,  is the mass per unit area, w is the transverse deflection and p is the 
applied pressure.  If F is the contact force applied at (xo, yo), 
( ) ( ) ( )oo yyxxFt,y,xp =    (4) 
The transverse displacement can be expanded in terms of the mode shapes  and the modal participation 
factors  as 
( ) ( )
=
=
N
1j
jj y,xtw    (5) 
Substitution into Eq. leads to N uncoupled modal equations 
iiiii fkm =+    (6) 
where the modal mass, modal stiffness, and the modal force are given by 
 = dmm iii         ( ){ } +++= dDD2D2Dk yy,iyy,i22xx,iyy,i6612xx,ixx,i11i   (7, 8) 
( ) ( )ooiii y,xFdt,xpf ==     (9) 
For a simply supported plate the mode shapes are ( ) ( )b/ynsina/xmsinmn = .  After substitution into Eqs. 7-9, 
the response of  isotropic plates to a step load is 
( ) ( ) ( )
( )
( ) ( )tcos1Ctcos1
rnm
b/ynsina/xmsin
D
Fa4tcos1
k
f
imni2222
oo
4
2
i
i
i
i =
+


==   (10) 
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For a square plate (r=a/b=1) we find that C13/C11= C31/C11=0.040, C33/C11=0.0012 which means that the response is 
dominated by that of the first mode.  For a rectangular pulse of duration td we distinguish two phases: the forced 
vibration phase (t<td) and the free vibration phase (t>td).  In the phase diagram (Fig. 5) the trajectory (solid line) 
follows a circle centered at (Cmn, 0) with radius Cmn (dotted line) when t<td and another circle (dashed line) centered 
at (0,0) when t>td.  Fig. 5.a shows that when td< /i the response is maximum during the free vibration phase while 
when td> /i.(Fig. 5.b). 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5. Transient response to a rectangular pulse ( 11 / versus 1 ) : (a) short pulse (td< /i); (b) long pulse (td< /i). 
3.2. Impact of fluid-loaded plates 
The dynamics of a plate in contact with water is determined using Eqs. 6 in which mi is replaced by ( )ii 1m +  to 
account for the presence of the water and the motion of a projectile of mass M is governed by 
FXM =    (11) 
where X is the displacement of the projectile.  The impact force depends on the indentation =X-w and is usually 
described adequately by Hertz’s law 
( ) 2/3c wXkF =    (12) 
The dynamic model consists of N+1 ordinary differential equations (Eqs. 6,11) with nonlinear coupling through the 
contact law (Eq. 12).  This model does not account for the presence of impact-induced damage which is acceptable 
for low velocity impacts for which local damage does not affect the stiffness of the plate.   
3.3. Low velocity impact by heavy projectiles 
When the mass of the projectile is much larger than the mass of the plate, the relative motion between the projectile 
and the plate is is negligible (Xw(xo,yo)).  Combining Eqs. (6,11) 
( ) ( ) ( )
=
=+
N
1j
oojjooiiiii y,xtMy,xkm     (13) 
For a single mode response,  
0kM 111 =+     (14) 
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where ( ) ( )oo211 y,xM1mM ++= with the initial conditions ( ) 001 = and ( ) ( ) ( )oo11 y,x/VM/M0 = .  The 
displacement at the impact point is 
( ) ( ) ( ) tsink/MV
M
My,xtt,y,xw 1oo11oo 
==   (15) 
where 2 = k1/M´.  Eq. 15 is the solution for the impact phase of the response and is valid for 0<t< /.  The free 
vibration phase of the response is governed 
0km 1111 =+    (16) 
with the initial conditions ( ) 001 = and ( ) ( ) ( )oo11 y,x/VM/M0 = .  For that phase of the response 
( ) tsink/mV
M
Mt,y,xw 111oo 
=    (17) 
where t’=0 corresponds to the beginning of the free vibration phase and 1 is the first natural frequency of the plate. 
For plates in contact with a heavy fluid, if the mass of the projectile is large enough for the mass of plate and the 
added mass of the fluid to be negligible, the presence of the fluid has no effect on the response during the impact 
phase.  However, during the free vibration phase, the response depends on the modal mass m1 which accounts for 
both the mass of the plate and the added mass of the fluid. Therefore, a significant fluid-structure interaction effect 
occurs. 
 
Consider the case of an orthotropic rectangular plate with thickness t=50 mm, density 2440 kg/m3, E1= 220 
kg/m2, E2=13 kg/m2, 12= 0.256, G12= 4.52 kg/m2 in contact with water (Fig. 6.a). The density of water is 1000 
kg/m3.  The added virtual mass incremental factors mn for these plates with SSSS and CCCC boundary conditions 
and several aspect ratios are given in [12].  We note that the values of mn obtained in [13] for an isotropic plate with 
the same thickness t=50 mm and density 2440 kg/m3 are identical to those for the orthotropic plate in [12]. In 
particular, tables 7, 8 in [12] give the values of 11 for all combinations of side lengths when a and b take the values 
1, 2, 3, 4, 5 m.  The values of 11 for the CCCC plates are directly proportional to those of SSSS plates (Fig. 6.b).  
For a square plate with a=b= 1 m, 11=6.9526.  In that case, m1= 122 kg and with such a large AVMI factor only 
very large masses (M>970 kg) can induce this type of impact.  Impacts on thin, small size plates satisfy the 
condition M>> ( )ii 1m + . 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. (a) plate laying on the surface of a semi-infinite fluid domain; (b) second picture. 
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4. Conclusions 
This article examined the effect of the interaction of fluid with beams and plates.  Heavy fluids absorb a 
significant amount kinetic energy when excited by the motion of the structure.  This interaction significantly reduces 
the natural frequencies while the mode shapes are usually not affected significantly by the presence of the fluid.  
General trends between frequencies in vacuum and in water that are independent of boundary conditions and other 
complicating factors are shown here for the first time.  A complete model for the analysis of the impact of plates in 
contact with fluids is formulated and is applied to a class of practical cases with heavy projectiles.  This model helps 
explain the effect of fluid loading on the dynamics of the plate during both the impact phase and the free vibration 
phase of the impact. 
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